We consider the model of topological fermions allowing for solitons with integer multiples of elementary electric charges only. In the electromagnetic limit the Lagrangean reduces to the Skyrme term of the Skyrme model with two degrees of freedom only, two Goldstone bosons, corresponding to two polarisations of photons. We derive the equations of motion and discuss their relations with Maxwell's equations. It is shown that Coulomb and Lorentz forces are a consequence of topology. Further, we relate the U(1) gauge invariance of electrodynamics to the geometry of the soliton field, give a general relation for the derivation of the soliton field from the field strength tensor in electrodynamics and use this relation to express homogeneous electric fields in terms of the soliton field.
Introduction
Recently one of the authors (M.F.) proposed a soliton model in 3+1-dimensions defined by a dual SU(2)-QCD Lagrangean with a Higgs potential, the model of topological fermions (MTF) [1] . This model has only three degrees of freedom, encoded in an SU(2)-valued or unimodular quanternionic Higgs-field, Q(x) = q 0 (x) + iσ K q K (x), with q 2 0 + q 2 = 1,
where the fields q 0 and q K depend on the position x µ = ( r, t) in Minkowski space-time and σ are the Pauli matrices. 1 We use the summation convention that any capital Latin index that is repeated in a product is automatically summed on from 1 to 3. The arrows on variables in the internal In the MTF the (dual) vector field C µ and the dual field strength * F µν get a strong relation to geometry. The dual vector field is proportional to the connection field, the tangential vector Γ µ from Q(x) to Q(x + dx µ ), see Fig. 1 . Using iσ K Q as basis vectors of the tangential space at Q we define
The electric flux through a rectangle in configuration space is given by the corresponding area in the tangential plane of S 3 . This suggests to identify the dual field strength tensor with the curvature tensor R µν *
The general connection field Γ µ in (2) is based on the soliton field Q(x) at x. Moving along an infinitesimal rectangle in space-time, see Fig. 1 , leads back to the original soliton field Q(x). From that follows that the connection field Γ µ obeys the Maurer-Cartan equation [1] 
The curvature tensor can therefore be represented in a form which is well known from non-abelian gauge theories
"colour" space indicate the set of 3 elements q = (q 1 , q 2 , q 3 ) or σ = (σ 1 , σ 2 , σ 3 ) and q σ = q K σ K . We use the wedge symbol ∧ for the external product between colour vectors ( q ∧ σ) A = ǫ ABC q B σ C . For the components of vectors in physical space x = (x, y, z) we employ small Latin indices, i, j, k and a summation convention over doubled indices, e.g. (E × B) i = ǫ ijk E j B k . Further we use the metric η = diag(1, −1, −1, −1) in Minkowski space. In those theories the gauge field Γ µ is the basic field and can't be derived from a soliton field.
It is well-known from QCD that a Lagrangean which contains the square of the curvature tries to dissolve monopoles. Therefore the Lagrangean of dual-QCD is supplemented by a compressing Higgs-potential.
In the MTF the Lagrangean consists of two terms
with Sommerfeld's fine-structure constant α f = e 2 0 4πε0 c . The first term is wellknown from SU(2) quantum chromo dynamics as the Lagrangean of the gluon field with R µν given by Eq. (3). In the Skyrme model this term is called the Skyrme term
which tends to dissolve skyrmeons, as mentioned above. L µ is called the left chiral current. The potential term Λ(q 0 ) is a function of the trace of Q as shown in Fig. 2 , trQ = 2q 0 . It is zero for q 0 = 0, i.e. for the equatorial S 2 equ and monotonically increasing with q 2 0 . Λ(q 0 ) resembles the Higgs potential in the Georgi-Glashow model but in this model the Higgs field is an independent field. In the MTF q 0 (x) is not an independent degree of freedom and can be expressed by the remaining degrees of freedom q K , q 2 0 = 1 − q 2 K . The ground state of the theory is at the minimum of the potential, on the equatorial S 2 equ . There is a two-dimensional manifold of degenerate ground states, only one of them can be realised, the S 2 -symmetry is spontaneously broken. The potential Λ(q 0 ) acts as a penalty for deviations from q 0 = 0, it tends to shrink solitons and leads together with its antagonist, the curvature term, to stable solitons. With the soliton field Q(x) we have a three parameter field defined in spacetime which is able to describe the mass and the electric properties of charges, which we identify with electrons, together with the electromagnetic field. It is not necessary to describe electrons by a separate field, they can be explained by topological excitations of the "colour" field Q(x). The charge is a topological property and therefore quantised in units of the elementary charge e 0 . The mass of electrons is explained by field energy and is localised in some region of space with a radius of the order of the classical electron radius. Electrons can not be separated from their field. Since the theory is relativistic it is obvious that electrons experience Lorentz contraction and the relativistic increase of mass with velocity. Nevertheless, it is nice to see microscopically how this relativistic properties appear at the level of the soliton field. Lorentz contraction appears as a local increase of the curvature of the soliton field, necessary to accelerate the soliton field in front of a moving particle. Therefore, electric and kinetic (magnetic) energies increase with the velocity of an electron. This together with the decreasing potential energy leads to the relativistic increase of the total energy [1] . The velocity dependence of mass is therefore understood as a velocity dependence of the energy content of the soliton. Electron-positron creation and annihilation can be explained at a classical level by the conservation of topological quantum numbers.
In the limit of vanishing potential energy, H p = 0, which we call the electrodynamic limit, the soliton field Q(x) is restricted to q 0 (x) = 0. Q(x) can therefore be represented by a three dimensional unit vector field n(x) Q(x) = i σ n(x), with n 2 = 1.
This field has two degrees of freedom, two Goldstone bosons. They correspond to left and right polarised waves. As we will show the n-field has the appropriate properties to describe the free electromagnetic field and the field of quantised point-like electric charges. We would like to remind that the free Maxwell-field, after removing two superfluous gauge degrees of freedom, has also two physical degrees of freedom left. As we will discuss now, the connection field Γ µ (x), which can be derived from the soliton-field n(x), in an appropriate gauge corresponds to the dual gauge field of Maxwell's theory and the Lagrangean can be written in the form of Maxwell's Lagrangean. The main difference between the two theories is in the types of charges which can be described. In Maxwell's theory any charge distribution is possible. In the solitonic description, due to the topological restrictions of the n-field which dwells on the sphere S 2 int , only integer multiples of an elementary charge e 0 can appear. In this sense Maxwell's theory does not specify the magnitude of electric charges, whereas the model of topological fermions explains the quantisation of electric charges and the equality (up to the sign) of the charges of protons and electrons.
In Section 2 we compare the equations of motion in the electrodynamic limit of the MTF with Maxwell's equations. In Section 3 we discuss the Gold-stone modes corresponding to massless photons. Coulomb and Lorentz forces we derive in Section 4. In Section 5 we relate the U(1) gauge invariance of electrodynamics to the geometry of the soliton field, give a general relation for the derivation of the soliton field from the field strength tensor in electrodynamics and use this relation in Section 6 to express homogeneous electric fields in terms of the soliton field.
Equations of motion in the electrodynamic limit and relation to Maxwell-equations
The n-field defines a mapping of an arbitrary point in space-time onto a point n(x) in internal space S 2 int . From the n-field one can derive [1] the connection field
and the curvature term
Γ µ and R µν are both defined in natural units. In the international system (SI) they are called the dual vector potential
and the dual field strength tensor
The Abelian field strength f µν (x) we define by its dual *
It is well-known from topology that non-singular mappings from S 2 to S 2 can be classified by homotopy classes which are characterised by an integer Z, π 2 (S 2 ) = Z. Any closed two-dimensional surface S in physical space R 3 phys is therefore characterised by an electric charge
For a parametrisation of the surface S with parameters u and v we get the number of coverings from the curvature by
or equivalently by
A non-zero value of Z has its origin in singularities of the n-field. The form of the potential energy density H p has to guarantee that only point-like singularities in R 
we can define a current vector
We can now use (16) and apply Gauß's law
Since the three-dimensional integration volume is arbitrary we get the inhomogeneous Maxwell-equations
which we can also write in the more familiar form
As shown above these equations are a consequence of the topological obstruction of the n-field.
In the following we discuss the relation between the homogeneous Maxwellequations and the equations of motion. In the limit of electrodynamics the action S is a functional of n(x) only
The equations of motion we get by a variation of n(x) under the constraint n 2 = 1. This variation we perform with an x-dependent rotation of n(x) by an angle ǫ η(x) with an arbitrary vector field η(x). We expect the equations of motion from the component of η transversal to n. The parallel component of n leads to a trivial relation only. A necessary condition for an extremum of the action is the vanishing of the first functional derivative of S[ n] which is defined by
where T is the generator of vector rotations (T A ) BC = −iǫ ABC 2 . Expanding up to the first power in ǫ
we get from (23)
it follows
Since contributions antisymmetric in µ and ν vanish, the term proportional to (∂ µ n ∂ ν n) does not contribute. From the other term we get by partial integration of ∂ µ η again a vanishing antisymmetric term and
η is an arbitrary vector field, therefore the equations of motion read
with a magnetic current in natural units
This quadruple of equations defines magnetic currents and substitutes for the homogeneous Maxwell equations. It reads in SI-units
where we have introduced the SI-quantities *
4πε0c n R µν and
The magnetic current is obviously conserved
due to the antisymmetry of expression (33). At the first glance the appearance of a magnetic current seems very unusual, but a closer look shows that this is a consequence of the topological restrictions of the n-field. It is the price we have to pay for quantising the electric charges at the classical level. It will be interesting to investigate whether the appearance of such a magnetic current leads to discrepancies with observations.
One can eliminate the colour degrees of freedom from the equations of motion (29) by forming triple products
It reads in SI-quantities *
We have therefore three quadruples of equations. The inhomogeneous Maxwell equations (21), the definition of magnetic currents (31) and the equations of motion (35) .
From the equations of motion (35) we can conclude that B is perpendicular to E and g. E and g are in general not perpendicular to each other. But as we will discuss in the next section, in the Goldstone mode of waves propagating freely in the vacuum E and cB have equal modulus. For this case it follows from (35) that the modulus of g equals the modulus of g 0 , i.e. g µ is a light-like vector. The spatial relations between B, E and g can be summarised in
From the three quadruples (21), (31) and (35) one can further derive the relations
and the wave equations
We can summarise that in the electromagnetic limit the n-field defines on the same footing the electromagnetic field and its source j µ (x) via its pointlike singularities. These singularities correspond to quantised charges which propagate in time with velocities smaller than light only, see Eq. (18). The model of topological fermions differs from Maxwell's theory by the fact that it can only describe integer multiples of the elementary electric charge e 0 and by the appearance of magnetic currents. Since the magnetic field depends on the time derivative of the basic n-field such magnetic currents are absent for static soliton configurations or solitons moving with constant velocity. In the following section we will discuss that this model has a sector of freely propagating electromagnetic waves which can be accompanied by light-like magnetic currents.
The Goldstone modes
The n-field has two massless degrees of freedom which should allow freely propagating waves. For the investigation of these modes we treat the propagation of a disturbance in z-direction characterised by the relation
For the case of vanishing parallel electric field strength
we will get waves propagating in the vacuum with the velocity of light. From (41) follows
and therefore with (31)
From the equations of motion (35) follows
The magnetic current g µ turns out to be a light-like vector with a z-component only which is proportional to curlE, g µ = (−βg z , 0, 0, g z ). A non-vanishing field-strength in z-direction (42) corresponds to waves propagating in the presence of matter and should be a subject of further investigations.
Coulomb-and Lorentz forces
In the MTF charges and their fields are treated together [1] . Their interaction is a consequence of topology [2] . Forces between solitons and their fields are internal forces. The total force density does therefore vanish [1] . The electrodynamic limit gives a nice possibility to split solitons from their fields treating electric charges as external sources and to derive Coulomb and Lorentz forces. By the third law of Newton the force acting on charges is the counter force to that acting on fields.
From the Lagrangean (6) of the MTF we get the Lagrangean for the electromagnetic field in the electrodynamic limit
with the dual Abelian field strength tensor * f µν given by Eq. (13). The basic field variable is the unit field n(x) and ∂ µ n(x) are the generalised velocities. The energy-momentum tensor of the electromagnetic field is defined by
It is symmetric already in its original form
For comparison we would like to mention that the canonical energy-momentum tensor in Maxwell's electrodynamic suffers from the lack of symmetry [3] and has to be especially symmetrised. The components of Θ µ ν read
They have the same form as those for the symmetrised energy-momentum tensor in Maxwell's electrodynamic. As mentioned above the soliton model [1] is a closed system and therefore we get a zero total force density
The first of these equations we met already in (37), it describes the loss of power density of the field and the corresponding growth for particles. The second equation yields Coulomb and Lorentz forces acting on charged point-like solitons. This shows that the electrodynamic limit of the soliton model corresponds to Maxwell's theory with a restriction of the possible field configurations to those of integer multiples of elementary charges. This has led also to non-vanishing internal magnetic currents which do not influence directly the motion of charged particles.
In electrodynamics the gauge field A µ (x) is considered as the basic field and defines the set of possible field configurations. In the vacuum two of the components of A µ turn out to be unnecessary and can be gauged away. The remaining two degrees of freedom are sufficient to describe the two orthogonal polarisations of electromagnetic waves. In the following section we will derive that in the electrodynamic limit there appears a U(1)-gauge symmetry in the MTF.
U(1) gauge invariance
There is a description of electrodynamics which uses the dual potential c µ (x) [4] . It introduces electric charges via Dirac strings which are characterised by singularities of the gauge field c µ . This formulation of electrodynamics is closely related to the model of topological fermions where the singularities of the connection field are removed via the additional degree of freedom, α(x), of the soliton field Q(x) = cos α(x) + i sin α(x) σ n. In the soliton description one can clearly see the relation of the gauge freedom of electrodynamics to geometry. We will now have a closer look at this relation. In the electrodynamic limit the basic field is the n-field. The connection Γ µ (x) = ∂ µ n ∧ n turns out to be the "angular frequency" of n(x) in the direction δx
There is a simple geometrical relation of the curvature ∂ µ n ∧ ∂ ν n and the curl of the connection field which can be read off from the tangential component of ∂ µ ∂ ν n using its symmetry under exchange of µ and ν
This is a special case of the Maurer-Cartan equation (4) . The relations (57) and (58) have to be understood in terms of the soliton field i σ n, where n is multiplied with the quanternionic units −i σ. They are therefore purely geometrical and independent of the basis system. If the quaternionic units are rotated by some orthogonal matrix field Ω(x)
with
also n has to transform to n ′ under such a gauge transformation n ′ = Ω n = ( n e ω ) e ω + sin ω e ω ∧ n − cos ω e ω ∧ ( e ω ∧ n),
where the component of n parallel to e ω remains invariant and the perpendicular component is rotated by ω. From ∂ µ n = iΓ µ n with Γ µ = Γ µ T follows
and
The covariant derivative D µ = ∂ µ − iΓ µ has the important property that acting on an arbitrary vector field v(x) it is rotated by Ω only
We can express the curvature tensor R µν by the covariant derivative
It is obvious that this expression for R µν is also gauge covariant
which agrees with (5) in the original coordinate system. In the rotated coordinate system the connection Γ ′ µ may differ from ∂ µ n ′ ∧ n ′ . According to (62) it may have a component in the direction of n
Using (63) this component reads
There is a special type of transformations which leave n and R unchanged, whereas Γ µ varies, Γ µ → Γ ′ µ . These are the transformations with e ω = n which according to (68), (69) and (63) lead to
These rotations around the n-axis correspond to the Abelian gauge symmetry of electrodynamics. After such rotations Γ ′ µ does not satisfy the Maurer-Cartan equations (58). Inserted in expression (67) for the curvature tensor the contributions of ∂ µ ω cancel and give the gauge-invariant expression R
The alignment of n ′ in 3-direction via
where e φ is the unit vector in spherical coordinates in internal φ-direction, leads to the Abelian Maxwell-theory in dual formulation. From (68) follows that Γ ′ µ is also aligned in 3-direction. With (68), (69), (63), and ∂ µ e φ = −∂ µ φ (cos φ e 1 + sin φ e 2 ) we get
The curvature (67) contains only the curl term
and points also in 3-direction. This gives a general relation between the Abelian field strength f µν (x) (13) and the soliton field n(x)
which can also be derived from the spherical representation of n(x) and R µν n = ∂ µ n ∧ ∂ ν n. A special case is the hedgehog-solution n = r r which identifies the internal coordinates θ and φ with the spherical coordinates in physical space ϑ and ϕ. Only one of the components of the curvature tensor, R ′ ϑϕ , is non-vanishing. We get from (74)
The expression for the corresponding component of the field-strength tensor, E ′ r , follows after dividing by the corresponding area element r 2 sin ϑ and multiplying with a measure system dependent factor
After the rotation (71) of n in 3-direction there is a U (1)-symmetry left. This is due to possible rotations around the 3-direction which modify the connection Γ ′ ν but not the curvature term R ′ µν . Since it is not possible to comb a sphere, in the Abelian description the point-like singularities of the solitonmodel are connected by line-like singularities, the well-known Dirac-strings [5] . This derivation demonstrates that in the electrodynamic limit the model of topological fermions reduces to a dual formulation of Dirac's extension of electrodynamics.
Homogeneous electric fields
A constant electric field in z-direction, E i = E z δ iz , fulfils the standard Maxwellequations. In the MTF the basic field is the unit-vector field n(x). A constant n-field corresponds to zero field strength. Due to the topological restriction one can get a homogeneous electric field only in a finite spatial region. To describe this field let us introduce polar coordinates z, r ⊥ and ϕ, assume an axial symmetric problem with a profile function E z (r ⊥ ) which could be similar to a Fermi distribution in r ⊥ with N/2 electric flux units
To get the corresponding n-field for a homogeneous electric field it is convenient to start from Eq. (74). Then Eqs. (12) and (13) lead to
relating the electric field strength E z to the direction of the n-field n = (sin θ cos φ, sin θ sin φ, cos θ)
in colour space. A reasonable ansatz for the coordinate dependence of the colour angles θ and φ in polar coordinates z, r ⊥ and ϕ is
With
we get from (78) the differential equation
With the boundary condition θ(0) = 0 it follows from (82) and (78) 
This is the electric flux through r 2 ⊥ π divided by the total number of flux quanta. Eq. (84) defines together with Eq. (80) the coordinate dependence of the colour vector n(z, r ⊥ , ϕ) in Eq. (79). A schematic picture of the behaviour of n is depicted in Fig. 3 .
This solution (79),(80),(83) looks more complicated than that in Maxwell's theory, but it agrees better with the experimental situation with condenser plates of finite size and finite charge N e 0 producing a field whose homogeneity is only approximate.
Conclusion
In the MTF the vacuum states are degenerate on an internal S 2 int -sphere. Therefore, there exists a limit, the electrodynamic limit q 0 = 0, far away from the soliton centres, where the system is in the vacuum state of broken symmetry. There remain only two degrees of freedom corresponding to two orthogonal polarisations of the electromagnetic field. The photons appear as Goldstone bosons in the spontaneously broken vacuum.
We have derived that in the electrodynamic limit the system obeys the inhomogeneous Maxwell-equations. Due to the topological restrictions electromagnetic waves may be accompanied by magnetic currents which in the vacuum propagate with the velocity of light in the direction given by the Poynting vector E×B/µ 0 . Solitons behave as electrons with charges originating in their topological structure. The interaction of these charges via Coulomb-and Lorentz-forces turns out to be a consequence of topology.
The U(1) gauge invariance of electrodynamics can be derived from geometry, especially from the U(1) rotational invariance around the n axis. Finally we applied a general relation between the Abelian field strength f µν (x) and the n-field to represent homogeneous fields in the MTF. It is interesting to see that only integer charges and homogeneous fields with quantised flux can be described. The set of fields is restricted by topology. Only multiples of the elementary charges e 0 and fields homogeneous in some restricted area can be represented.
